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We address the one-dimensional quantum Ising model as an example of system exhibiting 
criticality and study in some details the discrimination problem for pairs of states corre- 
sponding to different values of the coupling constant. We evaluate the error probability 
for single-copy discrimination, the Chernoff bound for n-copy discrimination in the asymp- 
totic limit, and the Chernoff metric for the discrimination of infinitesimally close states. We 
point out scaling properties of the above quantities, and derive the external field optimizing 
state discrimination for short chains as well as in the thermodynamical limit, thus assessing 
criticality as a resource for quantum discrimination in many-body systems. 



I. INTRODUCTION 

In quantum state discrimination one should determine the state of a quantum system based 
on the outcome of a certain measurement, and assuming that the system may be prepared in a 
state chosen from a given list of possible candidates. Of course, when the candidate states are 
not orthogonal, basic quantum mechanics dictates that no measurement can distinguish perfectly 
between them. The objective is therefore to choose some figure of merit characterizing the quality 
of the state discrimination and optimize it over the space of allowed quantum measurements. This 
procedure, known as quantum state discrimination or quantum hypothesis testing , plays 

a relevant role in the characterization of signals and devices and, in turn, in the development of 
quantum technology. 

The two main paradigms of state discrimination are unambi guou s identification [1, 0, 0, @, @] 
and (ambiguous) minimum error discrimination 0, [H, Elli, Q. In the first method, to 



discriminate among states one searches a measurement with N-\-l outcomes, where the additional 
result accounts for inconclusive detection, and in turn allows the conclusive determination in the 
remaining cases. On the other hand, in ambiguous discrimination one looks for a measurement 
with outcomes, always leading to a determination of the state, while accepting the possibility 
of a wrong inference. In this paper we restrict ourselves to the second method, which basically 
consists in looking for the optimal measurement that minimizes the probability of errors, i.e the 
overall probability of a misidentification. For the discrimination between two states, pure or mixed, 
the optimal measurement and the minimum error probability had been derived by Helstrom If 
n copies of the system are available the scaling of the error probability with the number of copies 
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may be expressed using the so-called quantum Chernoff bound ^qcb ■ EtI- In particular, it has 
been proved that S,qcb defines a meaningful distinguishability measure when one has to solve the 
problem of discriminating two sources that output many identical copies of two quantum states. In 
addition, when considering two states that are infinitesimally close, the quantum Chernoff bound 
induces a metric on the manifold of quantum states. 

In this paper we study the discrimination problem for two ground states or two thermal states 
of the Ising model in a transverse magnetic field, which represents a paradigmatic example of 
system which undergoes a second order quantum phase transition (QPT). We consider the system 
both at zero and finite temperature, and address discrimination of states corresponding to different 
values of the coupling parameter. In particular, we evaluate the error probability for single-copy 
discrimination, the Chernoff bound for n-copy discrimination in the asymptotic limit, and the 
Chernoff metric for the discrimination of infinitesimally close states. We are interested in the 
scaling properties of the above quantities with the coupling itself, the temperature and the size of 
the system. Moreover, we look for the optimal value of the field that minimizes the probability 
of error and maximizes both the Chernoff bound and the corresponding metric. It turns out that 
criticality is a resource for quantum discrimination of states. Indeed, at zero temperature the 
critical point signs a minimum in the probability of error and a divergence in the QCB metric. 
Remarkably, despite the fact that Chernoff metric is associated to quantum discrimination and the 
Bures metric is related to quantum estimation [l^ . [l^ . these different measures show the same 
critical behavior and carry the same information about the QPT of the system [20!]. 

The paper is organized as follows. In Section [TI] we introduce the model. In Section IIIII we 
review the basic elements of quantum state discrimination and also illustrate the notion of quantum 
Chernoff metric for the Ising model. In Section [TVl we study the distinguishability of states at zero 
temperature, both for the case of few spins and then in the thermodynamic limit. In Section IVl we 
consider the effects of temperature and the scaling properties of the metric. Section IVII closes the 
paper with some concluding remarks. 



II. QUANTUM ISING MODEL 

We consider the one-dimensional Ising model of size L as an example of system which undergoes 



a zero-temperature quantum phase transition 2l|, [22, l23|] . The model is defined by the Hamiltonian 



k=l k=l 

where the are Pauli operators for the k-th site. We also assume periodic boundary conditions 
(t£^^ =crf. As the temperature and the field h are varied one may identify different physical 
regions. At zero temperature, the system undergoes a QPT for h = J and becomes gapless. For 
h < J the system is in an ordered phase whereas for h > J the field dominates, and the system is in 
a paramagnetic state. For temperature T <^ A, A = \ J — h\ the system behaves quasi-classically, 
whereas for T ^ A quantum effects dominate. The Hamiltonian ([T]) can be exactly diagonalized 
by a Bogoliubov transformation, leading to 

H = Y,^k{4m-l), (2) 

fc>0 



where denotes the one particle energies and % the annihilation operator, A^ = yej, + A^, 
Afc = Jsin(A;), = {J cos{k) + h). The one-particle excitations are created by the action of 
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r/^ = cos(-j)(i|, + ism{^)d-k on the ground state 
l^o) = (g) 

k 

where '&k = tan~^ and dk\00)k,-k = d-k\00) -k,k = Vkltpo) = 0. Strictly speaking, Eq. ([2]) holds 
in the sector with even number of fermions. In this case, periodic boundary conditions on the 
spins induce antiperiodic BC's on the fermions and the momenta satisfy k = iHll+llZL, the sector 
with odd number of particles, instead, one has k = and one must carefully treat excitations 
at A; = and k = tt. In any case, the ground state of ([T|) belongs to the even sector so that, at 
zero temperature we can use Eq. ([2]) for any finite L. At positive temperature we will be primarily 
interested in large system sizes and therefore we can neglect boundary terms in the Hamiltonian 
and use Eq. ([2]) in the whole Fock space. 



cos 



y ) 100),, 



-k + i sin 



(3) 



III. ELEMENTS OF QUANTUM STATES DISCRIMINATION 

Suppose we have a quantum system which may be prepared in different states pk, k = 1, ..,N, 
chosen from a given set, with a priori probability z^j X^fe -^fc ~ ^ discrimination problem arises 
in any situation where the system is presented to an experimenter who has to infer the state of 
system by performing a measurement. The states are known, as well as the a priori probabilities, 
but we don't know which state has been actually sent to the observer. The simplest case occurs 
when the system may be prepared in two possible states, described by the density matrices pi and 
P2, with a priori probabilities zi and Z2 = 1 — zi. Any strategy for the (ambiguous) discrimination 
between these two states amounts to define a two-outcomes POVM {Si, £'2} on the system, where 
El + E2 = I and Ek > VA;. After observing the outcome j the observer infers that the state of 
the system is pj. The probability of inferring the state pj when the true state is pk is thus given 
by Pjk = Tr [pii-Ej] and the optimal POVM for the discrimination problem is the one minimizing 
the overall probability of a misidentification i.e. Pe = + Z2Pi2- For the simplest case of 

equiprobable hypotheses (zi = ^2 = 1/2) we have Pe = ^ (1 — Tr [-£21"]) where T = p2 — pi- Pe 
is minimized by choosing E2 as the projector over the positive subspace of F. Then we have 
Tr[£;2r] = Tr |F| and Pe = i (1 - Tr |F|) where \A\ = VA^A. When pk = iV'fcXV'fcl are pure states 

the error probability reduces to Pe = ^ (^l — y^^ — KV'i|V'2)p|^ • 

Let us now suppose that n copies of both pi and p2 are available for the discrimination. The 
problem may be addressed using the above formulas upon replacing p with p®". We thus need to 
analyze the quantity Pe,n = ^ (l ~ Tr — pf"|). It turns out that in the asymptotic limit of 
large n the error probability decreases exponentially with n as Pe,n ~ e""^"?"^^ where the quantity 
^QCB is called the quantum Chernoff bound (QCB) and may be evaluated as follows [l^ 

^QCB = - log mjn Tr [pi p^"^] . (4) 

For pure states QCB achieves its superior limit, which is given in terms of the overlap between the 
two states (,qcb = — log |(V'i|V'2)P- The QCB introduces a measure of distinguishability for density 
operators which acquires an operational meaning in the asymptotic limit. For a fixed probability 
of error Pe, the larger is the ^qcb^ the smaller the number of copies of pi and p2 we will need in 
order to distinguish them. 

Upon considering two nearby states p and p + dp, the QCB induces the following distance over 
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the manifold of quantum states 



where the |vJn)'s are the eigenvectors of p = PnWn){'-Pn\- In the following we will consider in- 
finitesimally close states obtained upon varying a Hamiltonian parameter A, and dp will correspond 
to dp = dp/dXdX. The above definition means that the bigger is the QCB distance, the smaller is 
the asymptotic error probability of discriminating a given states from its close neighbors. 

In the following we will consider discrimination for ground and thermal states. In this case the 
eigenstates of p are those of the Hamiltonian and the distance may be written as the sum of two 
contributions 

,2 = 1 V ^^^"-'^ + - V Kv^"|c/yJm)|^(/>n - Pm) 
O ^ Pn ^ WPn -r ^Pm) 



dn^ dn^ 



where ds^ refers to the classical part since it only depends on the Boltzmann weights of the 
eigenstates in the density operator, whereas ds^^ to the nonclassical one because it explicitly 
depends on the dependence of the eigenstates from the parameter of interest. If we consider the 
Ising model of the previous Section and address discrimination of states labeled by different values 
of the coupling J, the QCB distance can be expressed by the metric gj, dsqf^^ = gjdJ^ . We have 



gj=^y ^^'^^'>^ +-y tanh2(/3Afc/2) [dj^^f (7) 
32 ^ cosh2 (/3Afc/2) 4 ^ fe/ m J fe; \ ) 



Recent results about the Chernoff bound metric ds^QQ^ [20|, [24 1 have shown that it may be used 
to investigate the phase diagram the Ising model, i.e. to identify, in terms of different scaling 
with temperature, quasiclassical and quantum-critical regions. These results extend recent ones 



obtained using the Bures metric ds\ (or the fidelity) [2i,l3,[23l 



, 2 _ 1 V- \ '\'Pm\dp\^n)f 



In turn, one has the relation ^ds^ < dsqfj^ < ds^^ which shows that the Bures and the QCB 
metric have the same divergent behavior i.e. one metric diverges iff the other does. Then one 
can exploit the results on the scaling behavior of the Bures metric derived in [i^ to discriminate 



quantum states. Moreover, in the following we will see that when the system is in its ground state, 
dsQQQ = ds\ whereas at increasing temperature T, dsq^^ ^ds^s- 



IV. DISCRIMINATION OF GROUND STATES 



At zero temperature the system is in the ground state and the problem is that of discriminating 
two pure states corresponding to two different values Ji and J2 of the coupling J. The probability 
of error is given in terms of the overlap |(V'i|V'2)p5 whereas the minimum of Tr [pf P2~^] reduces to 
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FIG. 1: (Left) :Log- linear plot of the zero temperature rescaled minimum probability of error Q{J) = 
Pe,mm{^, J, VJ) as a fuuctiou of J for L = 2,3,4 (green, blue and red lines, respectively). The func- 
tion has a cusp in J = 1 and the two tails go to zero faster with increasing size. According to the scaling in 
Eq. ^ the relevant parameter is the ratio between the two couplings and not the absolute difference. In 
the log-linear plot, this means that Q{J) is symmetric around ,/ ~ 1. (Right): The Chernoff bound in the 
same conditions. 

the overlap itself since for pure states = p Vs. Thus the probability of error for the discrimination 
with n copies scales as Pe. K'0i|'02)P''- In other words, the QCB may be expressed as ^qcb = 
— log[4Pe(l — Pe)]- In this section we address the discrimination problem at zero temperature 
by evaluating the probability of error and the QCB metric, pointing out scaling properties, and 
minimizing (maximizing) them as a function of the external field. We first consider systems made 
of few spins and then address the thermodynamic limit. 

A. Short Ising chains, L = 2,3,4 

The probability of making a misidentification Pg may be minimized by varying the value of 
the external field. For the case L = 2, 3, and 4, Pe is obtained by explicit diagonalization of the 
Ising Hamiltonian. Minima of Pg correspond to the field value h = \/ J1J2, i-e the geometrical 
mean of the two (pseudo) critical values, and follows the scaling behavior Pe,min{Ji, J2, V J1J2) = 
Pe,mini^, J2/ Ji, \/ J2/ Ji)- More generally the probability of error is such that 

Pe{kJi,kJ2,kh) = Pe{Jl,J2,h) Vfe > . (9) 

Upon exploiting this scaling and fixing Ji = 1 we can study Pe at ft. as a function of J2 = J- 
The behavior of Q{J) = Pe,min{^, J, ^fj) is illustrated in the left panel of Fig. [TJ The function 
has a cusp in J = 1, whereas the tails of the curve for J ^ and J ^ cxd go to zero faster with 
increasing size. This means that as the number of spins increases, the overlap between two different 
ground states approaches to zero. According to the scaling in Eq. ([9]) the relevant parameter is the 
ratio between the two couplings and not the absolute difference. In turn, this means that Q{J) is 
symmetric around J = 1 in a log-linear plot. Expanding Q{J) around J = 1 and J = we obtain 
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the following behavior 

Q{J)'^=^-aL\J-l\+0\J-l\^ (10) 

QiJ) \-^L + PlVJ + IlJ + 0{J^'^) 

where £ (0, 1/2) is an increasing function of L. According to the scaling Q the behavior of 
Q{J) for large J is obtained by the replacement J — > 1/J in the second line of Eq. (jlOp . The 
parameters a^, Pl, and are reported in Table. IIV Al for L = 2,3,4. The corresponding 
Chernoff bound = — log [4 (5( J)(l — Q{J))] does not carry additional information about the 
discrimination problem, but exhibits a simpler behavior 

O ='^|J-1|' + 0|J-1|' (11) 
lb 

O ■'=° L log 2 - lVj + J + 0( j3/2) , 

where 5l = L\/4L for L = 3, 4 and half of this value for L = 2. The behavior of for large J is 
again obtained by replacing J ^ 1/J in the second line of Eq. (jlip . In the right panel of Fig. [1] 
we show function of J for L = 2, 3, 4. 



TABLE 1: Parameters Al, ul, Pl, and appearing in Eq. 
of error Q{J) around J = and J — I. 



I0|) . i.e the expansion of the rescaled probability 



L 


a 


P 


7 


A 


2 


a2 


= 1/8 = 


0.125 




= 1/2^2-0.354 


72 


= 1/4V2~ 0.177 


A2 


= I/2V2 


~ 0.354 


3 


as 


= V3/8 


~ 0.217 


Pz 


= \/3/8~ 0.217 


73 


= 5\/3/32 ~ 0.271 


As 


= V3/4- 


; 0.433 


4 


ai 


~ 0.306 




Pi 


= l/2\/T4~ 0.134 


74 


= 23/28\/l4~ 0.220 


Ai 


= yi4/8 


~ 0.468 



As mentioned in the previous Section, when we compare ground states of Hamiltonians with 
infinitesimally close values of the coupling J, the proper measure to be considered is the QCB 
metric, with the point of maximal discriminability of two states_corresponding maxima of the 
QCB metric tensor. At zero temperature dsQ(j^ 



ds\ and thus 



19C 



/i2 



gj 



9J 



9J 



4(/l2 + J2)2' 

3/i2 



L 



i6{h^ -hj + j'^y' 

4(/i4 + J4)2 



L 



L 



(12) 



Notice the simple scaling gj{kJ, kh) = gj{J, h), which is valid VL. Maxima of gj are thus obtained 
for h* = J for L = 2,3,4, and actually this is true for any L (see also the next Section). The 
pseudo-critical point h* which maximizes the QCB metric, turns out to be independent of L and 
equal to the true critical point, he = J, VL. At its maximum gj goes like 1/J^ which means that 
it is easier to discriminate two infinitesimally close ground states for small J rather than for large 
ones. 



7 



B. Large L 



For large L, the overlap (fidelity F) between two different ground states \il)k) = |V'o(<^fc))i k = 1,2 
is given by 

i^=(V'iiV'2>=n^°«^^^Y^ (13) 

k 

where k = (2n + 1)tt/L and n runs from 1 to L/2. Obviously, F = \ \i Ji = J2. Otherwise, one 
has cos[(0ifc — 92k) /2\ < 1 and the fidelity F quickly decays as the ratio of the couplings is different 
from one. Solving dh cos[(0ifc — 62k) f^] = one finds that the overlap has a cusp in h = J1J2, 
where it achieves the minimum value, corresponding to the minimum of the probability of error Pg- 
In the thermodynamic limit L — > 00, the overlap between two different ground states goes to zero 
no matter how small is the difference in the parameters Ji and J2. In other words, the different 



ground states become mutually orthogonal, a behavior known as orthogonality catastrophe [28[]. In 
the critical region, corresponding to the vanishing of one of the single particle energies e| + A| = 
with k = 2tt/L, this behavior is enhanced, occurs for smaller L, and corresponds to a drop in the 
fidelity even for small values of | J2 — Ji|. 

For what concerns the QCB metric, upon taking the limit T — > in Eq.([7]), we have that 
the classical part ds^, which depends only on thermal fluctuations, vanishes due to the factor of 
(cosh(/?Afc/2))-2. Therefore, at zero temperature, only the nonclassical part of Eq-d?]) survives and 
one obtains gj = \ where 

1 + (Afc/efc)^ efc kl 
ound state, the allowed quasi-momenta are 

1. Explicitly we have 



Since we are in the ground state, the allowed quasi-momenta are A; = ^^^^ with n = 0,..., L/2 - 



1 /i^ sin(A;)2 

We are interested in the behavior of the QCB metric in the quasi-critical region, which is described 
by small values of the scaling variable z = L{h — J) ~ L/^, that is z « 0. Conversely the off-critical 
region is given by z — > 00. We substitute h = J+z/Lva Eq. (jl4p and expand around z = to obtain 
the scaling of g 7 in the quasi-critical regime 07 = 4 Y^t, — 2 — (J+j,) sm (fcn) = V, fu (z). Since 

dzf{0) = 0, the maximum of gj is always at z = for all values of L, in turn, the pseudo-critical 
point is h* = J = he VL. Going to second order and using Euler-Maclaurin formula, we get 

which shows explicitly that at h = J the QCB metric has a maximum and there it behaves as 

dJ'^^ + OiL). (16) 

From Eq. (jl6p one concludes that the 1/J^ scaling of the metric may be compensated by using 
long chains, which thus appears as the natural setting to address the discrimination problem for 
large J. 
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V. DISCRIMINATION OF THERMAL STATES 

In this section we address the problem of discriminating two states at finite temperature, i.e. 
we consider two thermal states of the form pj = Z~^e~^^^'^\ Z = Tr[e~^^('^)], and analyze the 
behavior of the error probability, the Chernoff bound and the Chernoff metric as a function of the 
temperature and the external field. We discuss short chains -L = 2, 3, 4 and then the case of large 
L. 

A. Short Ising chains L = 2, 3,4 

For short chains we have evaluated the probability of error by explicit diagonalization of P2 — Pi, 
with pk = pjf. ■ The probability of error follows the scaling 

Pe{kJi,kJ2,kh,(3/k) = Pe{Jl,J2,h,f3) , (17) 

which may be exploited to analyze its behavior upon fixing Ji = 1. The main difference with the 
zero temperature case is that the error probability does depend on the absolute difference between 
the two couplings, and not only on the ratio between them. The optimal field h, minimizing 
Qp{J) = Pe{i, J,h, P) is zero for small J, then we have a transient behavior and finally, for large 
J, h = The range of J for which /i ~ increases with temperature (small (3). In the left 

panel of Fig. [2] we compare QjsiJ) for L = 2 and different values of f3 to the analogous zero 
temperature quantity Qoo{J)- As it is apparent from the plot the main effect of temperature is the 
loss of symmetry around J = 1. Analogous behavior may be observed for larger L. Notice that 
discrimination at finite temperature is not necessarily degraded. 



QyS ^QCB 




FIG. 2: (Left): Log-linear plot of the rescaled minimum probability of error Qpi J) = i-'e,miTi(l, "sfj ^ 0) for 
i = 2 as a function of J. Green triangles correspond to /3 = 0.05, blue circles to /3 — 0.1 and red squares 
to P = 1. The black solid curve is the probability of error in the zero temperature case. The main effect 
of temperature is the loss of symmetry around J = 1. (Right): Log-Linear plot of the quantum Chernoff 
bound ^QCB for L = 2. Green triangles correspond to (3 — 0.05, blue circles to /3 = 0.1 and red squares to 
(3=1. We also report the zero temperature QCB for comparison (solid black curve). 

Upon diagonalization of the Hamiltonian we have also evaluated the quantum Chernoff bound by 
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numerical minimization of min^ Tr [pf P2~^] and obtained for ^qcb the same scaling properties 
(1171) observed for the error probability. In the right panel of Fig. [2] we compare the QCB for L = 2 
and different values of P to the analogous zero temperature quantity. Again the main effect of 
temperature is the loss of symmetry around J = 1. Analogous behavior may be observed for larger 
L. For vanishing J the Chernoff bound £,qcb{^, J 0, /3) = Co saturates to a limiting value 
scaling with /? as 



Co - /372 P^O 

Co — — arctan(/3/2) /3 ^ oo . 
vr 



(18) 
(19) 



On the other hand, for diverging J ^qcb{^-,J oo,\/j, /3) = Coo shows the non monotone be- 
haviour illustrated in the right panel Fig. [3l In the left panel we report Co as a function of f3 
together with the approximating functions of Eqs. (jlSp and (jlOp . Overall, we notice that both for 
the single-copy and many-copy case, increasing the temperature may also results in an improve- 
ment of discrimination, at least in the region of large couplings and intermediate temperatures. 
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FIG. 3: (Left): Log-log plot of the Chernoff bound for vanishing J, = Cqcb(1j J 0, VJ, as a function 
of inverse temperature /3 (blue points) together with the approximating functions of Eq. (jlSp (green line) and 
(fT9)) (red line). (Right): Log-Hnear plot of the Chernoff bound for diverging J, ^oo = Cqcb(1, J ^ oo, ^fj,f3), 
as a function of inverse temperature (3 



Finally, we have evaluated the QCB metric and found that it follows the scaling 

5j(J,/i,/3) =/?2<I>l(/3J,/5/i) (20) 

where the form of the function $i depends on the size only. The same scaling is also true for the 
Bures metric with different functions ^l. Indeed, this behavior follows directly from the common 
structure of the two metrics and by the fact that gj is obtained from the square of the derivative 
with respect to J . The scaling is actually true for any size L. The optimal value h* of the external 
field, which maximizes the QCB metric at fixed J and (3 may be found numerically. Upon exploiting 
the scaling properties we consider (3 = 1 and found that h* is zero for small J, then we have a 
transient behavior and finally, for large J, h* = J. According to the scaling above, the range of 
J for which /i* ~ increases with temperature (small (3) and viceversa. In turn, for /? — > oo we 
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recover the results of the previous Section, i.e. the critical point is always the optimal one for 
discrimination. This behavior is illustrated in the left panel Fig. [H where we report the optimal 
field h* as a function of J for (3 = 1. The inset shows the small J region. As we have noticed in the 




J 



FIG. 4: (Left): linear plot of the optimal field h* maximizing the QCB metric as a function of J for /? = 1. 
The inset shows the region of small J. (Right): log-linear plot of the ratio 7 between the (maximized) QCB 
and Bures metrics as a function of J for L = 2, 3, 4 (green, blue and red lines respectively) and (3=1. 

previous Section the two metrics are equal in the zero temperature limit. For finite temperature 
this is no longer true and a question arises on whether the whole range of values allowed by the 
inequality < dsq^^ < ds\ is actually spanned by the QCB metric. This is indeed the case, 
as it may be seen by analyzing the behavior of the ratio 7 = dsq^^/ d\s at the (pseudo) critical 
point h* (we take the maximum of both the metrics, which generally occurs at different values of 
the field). In the right panel of Fig. [4] we report 7 as a function of J for (3 = 1 and L = 2,3,4. 
As it is apparent from the plot, for small J we have dsqu^ ~ i^^S) whereas for large J the two 
quantities become equal dsq^^ ~ ds^. The ratio is not monotone and the dependence on the size 
is weak. Upon exploiting the scaling in Eq. (I20p we may easily see that the range of J for which the 
two metrics are almost equal increases with (3. For vanishing temperature (/3 — > 00) dsq^^ ~ ds'^ 
everywhere and we recover the results of the previous Section. Conversely, for high temperature 
we have dsq^^ ~ ^ds"^ also for very large J. Also the transient region is shrinking for increasing 
temperature. 



B. Large L 

In the limit of large size L the behavior of the Chernoff metric follows the same scaling of Eq. 
(j20p found for short chains. The optimal value of the field which maximizes the QCB metric is 
h* = J for any finite temperature, where the metric element has a cusp. We have studied the 
QCB metric in the quantum-critical region P\J — h\ ^ 1 and for low temperature T ^ 0. The 
classical elements of the metric vanish due to the factor 1/ cosh^(/3Afc/2) and we are left to analyze 
the nonclassical part Qj^ as a function of T. Bounding the metric by functions that have the same 



scaling behavior in (3 [20[], will ensure that the metric itself scales with the same exponent. The 



dispersion relation is linear around k = and we approximate A^ ~ Jk at the critical point J = h. 
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Upon defining 

f{(3,k) 



f3^kyi 0<k<2/f3 

1 2/p<k<TT 



we have, for all /3 and k, k) < tanh^(/3Jfc/2) < /(/?, k). For large L, the sum on the classical 

part of the QCB metric may be replaced by the integral L j dk, thus leading to 



aT^^l dk tanh^ (/3 Jfc/2) + ^ J^^^ dk tanh^ (/3Afe/2) . (21) 



This is a good approximation in the limit /3 — ^ oo because the upper integration limit 
2/(3 becomes arbitrarily close to 0. The first integral is bounded by ^ J^^^ dk -^^^'^^ < 

^ Jq^^ dktsinb? {l3Jk/2)-j^ < ^ Jq^^ dkf{(3,k)-j^. The bounding integrals scale as Lj3 and 
the first integral must scale in the same way for (3 ^ co. The second term is upper bounded by 
^ H/p dk tanh" (/jA^ /2) '^ ^^^^ < ^ ly^dk-jr^ ~ L/3. Therefore, since the bounding integral 
scales as PL, must scale as (3L to the highest order. Observe that in the quantum-critical 
region gj ^ L is extensive, whereas at the critical point it has a superextensive behavior gj ^ L^. 
The nonclassical element scales algebraically with temperature and in the zero temperature limit 
it diverges, matching the ground state behavior that we described in the previous Section. These 
results remark that criticality provide a resource for quantum state discrimination, and that the 
discrimination of quantum states is indeed improved upon approaching the QCP. 



VI. CONCLUSIONS 

We have addressed the problem of discriminating two ground states or two thermal states 
corresponding to different values of the coupling constant in the one-dimensional quantum Ising 
model. We have analyzed both short and long chains with the aim of assessing the role of criticality 
(pseudo criticality for short chains) in single-copy and many-copy discrimination as well as in the 
discrimination of infinitesimally closed states. 

At zero temperature both, the error probability for single-copy discrimination, and the Chernoff 
bound for n-copy discrimination in the asymptotic limit, are optimized by choosing the external 
field as the geometric mean of the two (pseudo) critical points. In this regime, the relevant param- 
eter governing both quantities is the ratio between the two values of the coupling constant. On 
the other hand, the Chernoff metric is equal to the Bures metric and is maximized at the (pseudo) 
critical point. For finite temperature we have analyzed in some details the scaling properties of 
all the above quantities and have derived the optimal external field. We found that the effect of 
finite temperature is twofold. On the one hand, critical values of the field are optimal only for 
large values of the coupling constants. On the other hand, the ratio between the couplings is no 
longer the only relevant parameter for both the error probability and the Chernoff bound, which 
also depends on the absolute difference. The ratio between the Chernoff metric and the Bures 
metric decreases continuously, but not monotonically, for increasing temperature and approaches 
1/2 in the limit of high-temperature. 

In conclusion, upon considering the one-dimensional Ising model as a paradigmatic example we 
have quantitatively shown how and to which extent criticality may represent a resource for state 
discrimination in many-body systems. 
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